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Abstract

This paper presents a unified approach to the problem of dimensional synthesis of the five-link, four-link, and three-link
(double-wishbone) suspension mechanisms with a rack-and-pinion steering input. In a simplified approach, the guiding
links are assumed to be removed from their joints, allowing the wheel to be exactly driven through a number of pre-
scribed jounce—rebound and steering positions during the kinematic synthesis process. Alternatively, the tie rod is main-
tained in place, and the rack length and the lengths of the remaining four guiding links are allowed to vary. An
optimization problem based on the aggregated change in distance between the released ball joints evaluated in the afore-
mentioned positions is then defined. By prescribing to the wheel a jounce-rebound motion only, rear-suspension
mechanisms of the five-link, four-link, and three-link types can be conveniently synthesized by following the same proce-
dure. Several solutions obtained through synthesis are then analyzed for their changes in steering error, recessional
wheel motion, wheel track, toe angle and camber angle, showing very promising results. Additionally, a comprehensive
review of nearly 150 publications relevant to the suspension design of automobiles is provided in the paper.
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Introduction analysis®’> 4% 31: 32 57. 6190 and of the equivalent three-

dimensional rigid-body guidance linkages (with or with-
out considering the effect of joint compliances) have
been published around world. A substantial amount of
literature also exists on the design and analysis of the
more commonly used double-wishbone suspension (also
known as the AA suspension), and of its short-long A

(SLA) version, as well as on the kinematic synthesis of

acteristics, new suspension designs of the multi-link o corresponding RSSR-SS and RSSR-RRS lin-
type have been proposed and implemented in produc- kages.?" 11> Other than their traditional application to
tion vehicles in the last three decades. 116-121

Rt - - ) passenger cars, double-wishbone suspensions
The five-link suspension mechanism was first applied
by Daimler—Benz to the rear wheels of the C111 experi-
mental model.® and then in the 1980s to the W201 (190/
190 E) and W124 (200 D/300 E) series.” ® Five-link
(5SS)5724 and four-link (:&SS-RS)%*31 (a_lso known as  Texas A&M University Corpus Christi, Corpus Christi, Texas, TX, USA
quadra-link) mechanisms have been since implemented by

: . 59 1325 2731 Corresponding author:
Cal;im;? ufz;cturers n bd[h. thelg??zr SlgpenSIOn Petru A Simionescu, Texas A&M University Corpus Christi, 6300 Ocean
an ¢ front suspension. ’ ’

26, 27
s iug{)lerous Drive, Corpus Christi, TX 78412, USA
reports dealing with their synthesis ™ * "7 and  Email: pasimionescu@tamucc.edu

The independent suspensions of automobiles are com-
plex spatial mechanisms tuned to fulfil the multiple
requirements imposed on the motion of the wheels rela-
tive to the chassis, and of the chassis relative to the
ground, during acceleration, braking and cornering
maneuvers.' > To improve their ride and handling char-
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have found increasing use in motor coaches, trucks,
agricultural tractors, and off-road vehicles.!'> 2713
There are also reports on three-link suspension config-
urations that depart from what it is commonly assumed
to be a double-wishbone mechanism,'* 3! which are
also termed multi-link suspensions. Suspension mechan-
isms with both serial and parallel combinations of links
and joints have also been proposed and implemented in
the front axle and the rear axle of automobiles.'** 43
Such arrangements require individualized treatment for
their kinematic synthesis and are not considered in this
paper.

As pointed out elsewhere,®” ”> 7® double-wishbone
suspensions can be assumed to be 5SS linkages having
four of the outboard joints two-by-two coincident.
Similarly, quadra-link suspensions can be considered to
be particular embodiments of the 5SS arrangement
where two of the joints attached to the wheel carrier
coincide,”® i.e. either a top pair or a bottom pair.

Some of the above-cited papers report on the design
of multi-link*” *" ** and double- wishbone'®- 1% 10 106. 107
1% front-suspension mechanisms through repeated anal-
ysis and the use of simulation software or computer
algebra systems. Graphical' >'*'% analytical and
numerical approaches® 48 30- 56: 97 101 102. 113 5 fiye_
link, four-link, and three-link front suspension kine-
matic synthesis are available to the interested reader,
but these methods appear to be difficult to implement
and are rarely accompanied by clearly illustrated numer-
ical examples. Publications on the dimensional synthesis
of the 5SS, RSSR-SS and RSSR-RRS parallel mechan-
ism for rigid-body guidance (also known to kinemati-
cians as ‘“‘motion generators’) or for path generation
have reported the use of the spatial Burmester theory,**
353839 optimization techniques,®” 43?1 ¥% % or preci-
sion points.*® %3 %

The method proposed by the present author and co-
workers** °! is extended here for the cases where the
wheel receives an additional steering input. As the
examples provided in the second part of the paper
show, promising results were obtained in the case of
multi-link suspensions equipped with either a trailing
steering rack or a leading steering rack. Additionally,
very good solutions of four-link and double-wishbone
front-suspension mechanisms were identified using the
same approach.

Problem formulation

Figure 1 is a schematic diagram of a five-link suspen-
sion with rack-and-pinion steering control, where the
reference frame Oxyz is attached to the vehicle and the
reference frame O'x'y’Z’ is attached to the wheel. For
simplicity, it is assumed that, in the neutral position,
these two reference frames are parallel. Also shown in
Figure 1 are the wheel-print center S, the virtual steer-
ing axis NN, (which intersects the road surface at

Figure I. Five-link suspension mechanism with leading rack-
and-pinion steering control.

point N), and the steering angle 6; measured from the
neutral position of the wheel, oriented as shown.

With the notation in Figure 1, the four-link and
double-wishbone mechanisms can be easily modeled by
imposing that the ball joint centers B, and Bs or/and
B, and B; coincide.

The requirements for correlated steering and jounce—
rebound motion with minimum toe, camber and wheel
track changes are formulated as a minimization prob-
lem of 30 variables, i.e. the x, y and z coordinates of ball
joints Ay, ..., As relative to the chassis, and the x/, y/
and z’ coordinates of ball joints By, ..., Bs relative to the
wheel carrier. In the case of the quadra-link and double-
wishbone mechanisms, the numbers of variables are
reduced to 27 and 24 respectively. It should be noted that,
in a more general formulation, the lock-to-lock travel of
the steering rack can also be considered to be a design
variable of the continuous or discrete type, although, as
explained by Simionescu and Smith,'** the desired rack
travel can be achieved through proper scaling.

The prescribed wheel motion in the rigid-body-
guidance synthesis problem of the suspension mechan-
ism is assumed to have the following two components:

(a) a pure vertical translation (the jounce-rebound
motion) corresponding to point O’ moving by a
disance +Azy from its reference position;

(b) a rotation 0, of the wheel carrier about the axis
N; N, (the steering motion).

These two combined motions are controlled in 7. dis-
crete position and ny discrete position respectively, as
shown in Figure 2.

Two approaches to the kinematic synthesis problem
will be described next:

Approach 1. In this approach links A;B; i = 1, ..., 5)
are considered to be removed from their joints, allow-
ing the wheel to be exactly driven through the prede-
fined positions shown in Figure 2, and an optimization
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Figure 2. Prescribed wheel motion in the synthesis problem
discussed in the paper which consists of (a) pure vertical
displacements, combined with (b) rotated positions about an
imposed virtual steering axis N|N,.

problem is defined as explained below with reference to
equation (2). The y displacement of the rack end A,
(measured from the zero position to its lock-to-lock
positions *Ay,,) is assumed to be linearly correlated
to the steering angle 6; of the wheel according to the
graph in Figure 3. The maximum inner steering angle
07 max 18 limited by the angular capability of the
constant-velocity axle, while the maximum outer steer-

ing angle 0y . results from the Ackermann geome-
try145, 146:

1
0o = arct ]
e T 1/(Wb/W,)] (1)

where W}, is the wheelbase and W, is the wheel track
of the vehicle.

Approach 2. In this approach, the tie rod A;B; is main-
tained in place and the rack length A A/ is allowed to
vary from its reference value /g, as the wheel is driven
through the imposed jounce-rebound positions (Figure
2(a)), and from the maximum left-steer position to the
maximum right-steer position, correlated according to
the dashed curve in Figure 3. The remaining link

lengths A;B; (i = 2, ..., 5) are also allowed to change,
in a similar way to Approach 1, and an optimization
problem is defined as explained below with reference to
equation (3). The y coordinates of the ball joints A,
and A required to calculate the variable rack length
AjA] caused by wheel steering are determined as the
intersection between the line of sliding of the rack, and
a sphere centered at B; and of radius AB;.

It should be noted that, in both Approach 1 and
Approach 2, there is no need to model the right-side sus-
pension separately, as this is simply the mirror image of
the left-side suspension shown in Figure 1.

In the case of Approach 1, the objective function to
be minimized is defined as the maximum norm of the
change in the distance between the homologous ball-
joint centers A; and B, withi = 1, ..., 5, according to

/ / / —
Fl (xA[ayAiaZA,"XB’.ayBiDZBi)[7l 5 -

max (w,-)l,- — (4:By);

willi = (AiBi)kD (2)

For Approach 2, the corresponding objective func-
tion was set equal to the maximum norm of the change
in the distance between the rack-end ball joints A; and
A and the ball-joint centers A; and B; with i = 2, ..., 5
(see Figure 1)

/ / /
FZ (xAisyAia ZA,,XBI.JB,., ZB[.)

i=1,..5
= max (1|l = (4141) |- ln = (414)),.

Wi li — (A,*B,‘)j 5 W,*|l,‘ — (A,‘B,‘)kD (3)

In both equation (2) and equation (3), it is assumed

thatj = 1,...,n.and k = 1, ..., ny, where n. is the

number of imposed vertical displacements and g is the
number of imposed steering positions of the wheel
(Figure 2). The weighting coefficients w; were added to
allow the designer to control the steering error contri-
bution to the values of the objective functions F; and
F, versus the contributions of the variations in wheel
track or camber angle (see the third section of the paper
for details).

The guiding link lengths /; to /5 are determined as the
distances between the joints A; and B; for the suspen-
sion in its neutral position, while the variable distances
between the joints A; and B; in a current position of the
wheel carrier are

(4:By)

ik =

2

(4)

where the coordinates x, y, and z are specified relative
to the fixed frame Oxyz, as explained next.

For the jounce-rebound displacements of the wheel
(Figure 2(a)), the 3D transformations applied are

\/(XA,-j,k - xB,-j,k)2 + (Vaik *)/B,-j,k)z + (246 — 2B,j.k)
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Figure 3. Linear (solid curve) and Ackermann (dashed curve) steering correlations between the rack displacement and the steering

angle 6, of the left wheel, for 6,4 = 40°, W,/W, = 1.85, and Ay,, =

/

XB i X ,B' X, 0'j

VB = | Vs + | Voi (5)
/

ZBr'j Ox};z ZBi O’x’y’z’ ZO/] OX}’Z

while, in the case of the steering positions (Figure 2(b)),
the coordinates of the ball-joint centers By, ..., Bs are
determined as screw displacements'*’ according to

XBik XB, — XN,
— / /
VBik - [RO uxuyu_-] VB, — le
/ /
ZBik Oxyz B T AN
/
)CN1 Xo'j
/
TN T | Yo (6)
/
Mmdow 'z Z0j Oxyz
where
[RO u,\-uyuj =
(I-0u+ec (I = Quyuy —su- (1 = c)usu- + su,

(I = e)uyu, + su. (1- c)u% +c (I = ) uyu. — suy

(1 = uguz +suy (1 —Qupuz +suy (1 —u? +c¢
(7)
with
I itV Vv
X |N1N2| ) Y |N1N2|
Zy, — 2,
U, = ——— 8

and with ¢ = cos 6, and s = sin 6;.

The variable y coordinate of the rack end A; occur-
ring in Approach 2 results as the intersection between
the sphere centered at B; and of radius /;, and the line
of sliding of the rack with x = x4, and z = z4, i.e.

Y4, = VB _\/AIB%_(XAl _xBl)z_(ZAI _ZB|)2 (9)

+70 mm.

The objective functions F| and F, in equations (2)
and (3) must be constrained by the allowable locations
of the ball joints on the chassis and on the wheel carrier
(Figure 4). First, side constraints must be imposed in
order to avoid convergence to unpractical solutions
with links that are too long. Additional geometric con-
straints must be prescribed so that the ball joints B,
(i = 1, ..., 5) remain within the available space limited
by the wheel rim, the wheel hub, and the inboard side
of the tire, a case explained in more detail by
Simononescu et al.'*® Also imposed is the minimum
allowable distance between two neighboring ball joints
B, and between the rack joints A; and A] in the case of
central-outrigger steering-rack arrangements.'*’ This
minimum distance was limited to 2.5 times the diameter
of the ball joints Ay, ..., As and By, ..., Bs, which are
all assumed to be identical.

Numerical results

The objective functions F; and F, subjected to the
above-listed constraints were minimized using a modi-
fied Nelder—Mead simplex optimization algorithm,
where all the design variables x4,, y4,, z4,, X5,, V5,, and
zp, (i = 1,...,5) are rounded to the nearest 0.5 mm!*8,
The following parameters were specified as the inputs

to these two optimization problems.

1. The wheel rebound limits and the wheel jounce
limits (=75 mm) measured from the static posi-
tion of point O'.

2. The lock-to-lock travel of the steering rack
(_yAlmax — Vaymin = 140 mm)

3. The maximum inner steering angle (67 ,,.x = 40°)
and (for the objective function F; only) and the
outer steering angle (6 ;e = 30°).
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Figure 4. Side constraints to the design variables xa;, ya,, Za,, X, ¥, and zg, (i= I, ..., 5) represented as dashed rectangles. To
obtain the central-takeoff steering-rack solutions, the side constraints of the design variable ys, should be set close to zero, i.e. in the
reference position the ball joint A| should be near the axis of the vehicle.

11.

12.

13.

In the case of the objective function F5>, the wheel-
base over the wheel-track ratio required to calculate
the correlated steering angles using equation (1)
must also be specified (i.e. W,/W, = 1.85).

The number of jounce-rebound positions (1, = 20).
The number of lock-to-lock steering positions
(ng = 20). When synthesizing a rear-wheel sus-
pension mechanism, 1y must be set to 1.

The weighting coefficients in equations (2) and (3).
These were w, = w3 = wy = ws = 1.0 and w; =
1.25 for the imposed steering positions and w; =
1.15 for the imposed jounce—rebound positions.
The radius of the wheel which is equal to the dis-
tance O'S in Figure 1 (i.e. O'S = 315 mm).

The inner radius of the wheel rim (160 mm).

The wheel hub assumed to be a cylinder starting
at the center O’ of the wheel and extending
inwards with a radius of 60 mm and a length of
115 mm (see Figures 1 and 4).
The radii of the ball joints A, .
Bs (20 mm).

The coordinates of the point O’ relative to the
Oxyz reference frame for the wheel in its neutral
position (0, 720, 315).

The side constraints of the coordinates of the cen-
ters of the ball joints A, ..., As relative to the
Oxyz reference frame and of the ball joints
By, ..., Bs relative to the O'x'y’Z’ reference frame
(see Table 1).

..,AsandBl,...,

In the case of the upper A-arm quadra-link suspen-
sion mechanism, the ball joints B, and Bs must coincide
(i.e. the design variables xj, yp, and zpare sup-
pressed), and the search domain of variable x; is chan-
ged to [—150, 150] mm. After first swapping the ball
joints B, and Bs, and the ball joints B; and Bs, the
same modifications are applied when synthesizing a
lower A-arm quadra-link suspension.

Finally, when synthesizing a three-link suspension,
the ball joints B, and Bs and the ball joints B3 and By
are assumed to be coincident (i.e. the design variables
Xp.» Vs ZpsXp,» Vp,» and zp are suppressed), and the
ranges of the design variables x’B2 and x’B3 are changed
to [—150, 150] mm.

The kinematic parameters of the best five-link, four-
link, and double-wishbone suspension mechanisms
obtained through synthesis (both standard and central-
takeoff rack) are summarized in Tables 2 to 5. Their
performances are shown for comparison in Figures 5
to 11. Of these, Figure 5 shows the steering-angle corre-
lation of these four solutions compared with the
Ackermann law. Figure 6 shows plots of the change xg
in the recessional wheel motion and the change yg in
the wheel track, while Figure 7 shows the variations in
the toe angle and the camber angle versus the vertical
motion of the wheel.

The steering angles and the toe angles used to gener-
ate Figures 5 and 7(a) were determined as the angle
between the fixed axis Oy and the projection on the
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Table I. Search domains of the design variables xy,, ya,, za,, xgi, yéi and zg, withi=1,..., 5 for the full five-link suspension mechanism

(the values are given in millimeters).

—300 <xa, < 100 (for the trailing rack) 150 <ya, < 400 (for the standard steering rack)
—100 <xa, < 300 (for the leading rack) 0 <ya, < 50 (for the central outrigger steering rack)
—400 <xs, < 0 150 <ya, < 400

0 <xu, < 400 150 <y, < 400

—400 <x4, < 0 150 <ya, < 400

0 <xp, < 400 150 <y, < 400

—350 <x;, < 50 —250 <yp <—50

—200 <x3,< 0 —175 <yp, <—50

0 <xp, < 200 —175 <y, <—50

—200 <x3,< 0 —175 <yp, <—50

0 <xp < 200 —175 <y <—50

125 <z, < 650

300 <z4, < 600
125 <z, < 350
125 SZp, < 350
300 <z4, < 600

—150 <z}, < 450
0 <z < 350
~200 <z, < 0
~200 <z, < 0
0 <z < 350

Table 2. Five-link suspension mechanism solution obtained by minimizing the objective function F,.

Values of the design variablesi=1I,..., 5
i=1 i=2 i=3 i=4 i=5
Xp, (mm) —265.5 —314.0 360.5 —242.5 237.5
ya (mm) 3585 2335 286.0 283.0 2415
zp, (mm) 360.5 574.0 225.0 218.5 292.5
xp (mm) —68.5 —53.0 49.5 —17.5 5.5
Yg, (mm) —50.0 —149.0 —142.5 —109.5 —152.5
zg (mm) 45.5 254.0 —113.0 —79.0 170.5
l; (mm) 368.57 426.68 426.87 399.43 400.19
Table 3. Four-link suspension mechanism solution obtained by minimizing the objective function F,.
Values of the design variablesi=1,..., 5
i=1 i=2 i=3 i=4 i=5
xp, (mm) 45.5 —356.5 99.5 —3925 177.0
ya, (mm) 2295 306.0 163.5 347.5 272.5
zp, (mm) 468.5 462.0 184.0 229.5 454.5
xp (mm) —131.5 —10.5 1.5 —16.5 (—10.5)
yp, (mm) —137.5 —122.0 —55.5 —122.5 (—122.0)
zp (mm) 153.5 139.5 —119.0 =79.0 (139.5)
[; (mm) 394.89 45281 510.64 451.57 375.64
Table 4. Standard three-link suspension mechanism solution obtained by minimizing the objective function F,.
Values of the design variablesi=1I,..., 5
i=1 i=2 i=3 i=4 i=5
xp, (mm) —224.0 —114.5 300.0 —396.5 243.0
ya (mm) 150.0 151.0 214.0 3125 230.0
zp, (mm) 3025 440.5 211.0 203.5 441.0
xp (mm) —108.0 —19.0 9.5 (9.5) (—19.0)
yp, (mm) —50.0 —108.5 —86.5 (—86.5) (—108.5)
zp (mm) —12.5 126.0 —107.5 (—107.5) (126.0)
l; (mm) 532.78 470.30 510.28 517.58 462.80
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Table 5. Central-outrigger three-link suspension mechanism solution obtained by minimizing the objective function F,.

Values of the design variablesi= 1, ..., 5

i=1 i=2 i=3 i=4 i=5
Xa, (mm) —11.5 —400.0 420.5 —204.5 398.5
ya, (mm) 32.0 249.0 154.0 150.0 261.5
zp, (mm) 301.5 420.5 204.5 204.0 420.5
xg’, (mm) —126.5 —12.5 8.0 (8.0) (—12.5)
yé‘ (mm) —90.5 —113.5 —87.5 (—87.5) (—113.5)
z;_,,‘ (mm) —13.5 105.5 —111.0 (—111.0) (105.5)
l; (mm) 608.47 527.22 536.89 527.22 536.61

Figure 5. Correlations of the steering angle of the wheel of
the five-link (curve 5), four-link (curve 4), standard double-
wishbone (curve 3), and central-outrigger double-wishbone
(curve 3’) optimum suspension mechanism solutions,
overlapping the Ackermann law results (dashed curve).

horizontal plane of the O’y’ axis attached to the
wheel. Similarly, the camber angle used to generate
Figure 7(b) was determined as the angle between the
fixed axis Oy and the projection on the vertical plane
Oyz of the O’z axis attached to the wheel.

Figures 8 to 11 show the same four suspension
mechanism solutions in their limit positions. Animated
GIF files of the same are available for download from
the author’s ResearchGate page.'* Additional solu-
tions obtained through synthesis accompanied by ani-
mated GIF files are available with reference.'*

After numerous experiments, it was found that an
optimum solution is influenced by the following pre-
scribed parameters: the rack maximum displacement;
the jounce-rebound limits; the weighting coefficients w;
to ws adopted in equations (2) and (3); the maximum

steering angle 6; ,,. of the inner wheel. Therefore, no
claim is made that the numerical solutions reported in
this paper are the absolute best obtainable using the
synthesis Approaches 1 and 2 introduced earlier. The
ultimate decision upon the geometric configuration of
the mechanism to be implemented in a real vehicle
should be based on detailed multi-body dynamic simu-
lations, where the properties of the springs, tires, joint
compliances and inertia properties of the vehicle are all
taken into account.

Conclusions

The problem of synthesizing five-link, four-link, and
three-link (double-wishbone) suspension mechanisms
with a rack-and-pinion steering input was conveniently
formulated as a single-objective optimization problem,
which does not require a complete kinematic analysis of
the mechanism at each step of the optimum search. The
alternative would have been to combine the changes in
the steering error, the recessional wheel motion, the
wheel track, the toe angle and the camber angle in a
multi-criterion optimization problem, which is substan-
tially more difficult to formulate.

In a first approach, the guiding links of the wheel
were assumed to be removed from their joints, allowing
the wheel to be exactly driven through a number of pre-
scribed jounce-rebound and steering positions. In a
second approach, the tie rod was maintained in place,
and instead the rack length was allowed to vary. Scalar
objective functions (denoted F; and F, in this paper),
based on the change in the distance between the
released ball joints evaluated in the imposed positions
were then defined. Another innovation of this paper
was that the link lengths and the ball-joint coordinates
were rounded to practical values right from within
these objective functions, instead of post-synthesis.
Some of the most promising solutions obtained were
analyzed for performance, and animations of these
simulations are available online from the author’s
ResearchGate page.'*’ Either by scaling the numerical
solutions presented in this paper or by repeating the
optimization problems described for different wheel
sizes and rack travels, automotive engineers can design
their own front-suspension mechanisms to fit a given
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Figure 6. Changes in (a) the recessional wheel motion and (b) the wheel track during the jounce and the rebound of the same
suspension mechanisms as in Figure 5.
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Figure 7. Variations in (a) the toe angle and (b) the camber angle during the jounce and the rebound of the same suspension
mechanisms as in Figure 5.
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Figure 8. The optimum five-link suspension mechanism in Table 2 showing the limits of (a) the jounce-rebound and (b) the

steering positions. See also the animation files Fig08-1.GIF, Fig08-2.GIF, Fig08-3.GIF, and Fig08-4.GIF posted on ResearchGate.'*

|~

(b)

L

Tty

Figure 9. The optimum quadra-link suspension mechanism in Table 3 showing the limits of (a) the jounce—rebound and (b) the

steering positions. See also the animation files Fig09-1.GIF, Fig09-2.GIF, Fig09-3.GIF, and Fig09-4.GIF posted on ResearchGate.
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Figure 10. The optimum double-wishbone suspension mechanism in Table 4 showing the limits of (a) the jounce-rebound and (b) the
steering positions. See also the animation files Figl0-1.GIF, Figl 0-2.GIF, Figl 0-3.GIF, and Figl 0-4.GIF posted on ResearchGate.'*’

(b)

Figure I1. The optimum double-wishbone suspension mechanism with the central-outrigger steering rack in Table 5 showing the
limits of (a) the jounce-rebound and (b) the steering positions. See also the animation files Figl I-1.GIF, Figl I-2.GIF, Figl I-3.GIF, and
Flgl |-4G|F posted on Reseal"chGate,I49 Downloaded from pid.sagepub.com by guest on November 17, 2016
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vehicle. It is emphasized that multi-body simulations
are necessary ultimately to validate a kinematic solution
obtained, and before expensive prototype building and
testing are performed.
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